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We prove that every 3-connected planar graph whose minimum degree is greater
than or equal to 4 has a connected [2, 3]-factor.  1996 Academic Press, Inc.
1. INTRODUCTION
We consider only finite undirected graphs without loops or multiple
edges. Let G be a graph with vertex set V(G ) and edge set E(G). G&[v]
denotes the subgraph of G obtained by deleting the vertex v together with
the edges incident with it. Let H and K be subgraphs of G, not necessarily
distinct. The subgraph L of G such that V(L)=V(H ) _ V(K ) and
E(L)=E(H) _ E(K ) is called the union of H and K, and we denote it by
H _ K. When E(H )=[e], we sometimes simply use K _ e instead. A span-
ning subgraph F of G is called an [a, b]-factor, if adegF (v)b for all v
in V(G). For a vertex v of V(G ), we write NG(v) for the set of vertices of
V(G ) adjacent to v. In addition, (v, u) stands for the edge connecting v and
u, and $(G ) for the minimum degree of G. A connected factor is a con-
nected spanning subgraph. For example, a connected [2, 2]-factor is a
hamiltonian cycle, and the existence of a connected [1, k]-factor is equiv-
alent to the existence of a spanning tree with maximum degree at most k.
There are not many results on the existence of connected [a, b]-factors
with 2a<b. In this paper, we focus on planar graphs. A well-known
Tutte’s Theorem [5] asserts that every 4-connected planar graph has a
connected [2, 2]-factor. In [2], Barnette proved that every 3-connected
planar graph has a 2-connected [2, 15]-factor. Recently, Gao [3] proved
that there is a 2-connected [2, 6]-factor in 3-connected planar graphs. On
the other hand, there exist 3-connected planar graphs without connected
[2, 5]-factors. By assuming an additional condition $(G )4, we improve
the bound, i.e. [2, 3]. In fact, we prove a slightly stronger statement.
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Theorem 1. Let G be a 3-connected planar graph with $(G )4. For any
three vertices u, v, and s with (u, v), (v, s) # E(G ), there exists a connected
[2, 3]-factor F of G containing the edges (u, v) and (v, s) such that
degF (u)=2, degF (v)=2, and degF (s)=3.
We remark that there is a 3-connected planar graph G with $(G)=4
having no 2-connected [2, 5]-factors. Such an example will be given in
Section 6.
2. PROPERTIES OF INTERNALLY 3-CONNECTED
PLANE GRAPHS (I3CP GRAPHS)
Let G be a plane graph. We write Out(G ) for the set of vertices of G inci-
dent with the infinite region. We write Inn(G ) for V(G )&Out(G). A graph
G embedded in the plane is called an internally 3-connected plane graph (or
simply, an I3CP graph) if for every vertex x of Inn(G ), there exist three
vertex-disjoint (except at x) paths joining x and Out(G ). Obviously, every
3-connected planar graph is an I3CP graph. Moreover, an outer plane
graph is also considered to be an I3CP graph containing no interior
vertices.
It is obvious from the definition that if G is an I3CP graph and
v # Out(G ) then G&[v] is also an I3CP graph. Moreover, the graph
obtained from a 3-connected plane graph by deleting a vertex v # Out(G )
is a 2-connected I3CP graph. Here, a 2-connected I3CP graph is the same
thing as a circuit graph defined by Barnette [1] and used by other authors,
e.g., Gao and Richter [4].
Proposition 2. An I3CP graph G is 2-connected if and only if the
boundary of the infinite region is a simple cycle.
Proof. The ‘‘only if ’’ part is obvious. Let C be the boundary of the
infinite region of an I3CP graph G, and v be any vertex of G. It suffices
to show that G&[v] is connected. Since C is a simple cycle, C&[v] is
connected even if v # V(C). For a vertex x # Inn(G )&[v], there exist
three vertex-disjoint paths joining x and V(C) in G, because G is I3CP.
Hence, at least two of these paths remain in G&[v]. This implies that x
is connected to V(C) in G&[v], and hence G&[v] is connected. K
Proposition 3. Let G be a 2-connected I3CP graph, and let C be the
boundary cycle of the infinite region. Suppose that [u, v] is a cutset of G.
Then u, v # V(C) and G&[u, v] has exactly two components, each of which
contains a component of C&[v, u].
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Proof. First, suppose that |[v, u] & V(C)|1. Then, since C is a simple
cycle, C&[u, v] is connected. For any vertex x # Inn(G)&[u, v], there
exist three vertex-disjoint paths joining x and V(C) in G, because G is
I3CP. Hence, at least one of these paths remains in G&[u, v]. This implies
that x is connected to V(C) in G&[u, v], and hence G&[u, v] is con-
nected.
Even if [u, v]/V(C), by the same argument as above, every vertex
x # Inn(G ) is connected to some vertex of C&[u, v]. On the other hand,
C&[u, v] has at most two components. Thus the result follows. K
A graph G is said to be linear if G is connected and every block of G con-
tains at most two cut-vertices and every cut-vertex is contained in exactly
two blocks.
Proposition 4. If G is a 2-connected I3CP graph and u # Out(G ), then
G&[u] is a linear I3CP graph.
Proof. It is obvious that G&[u] is an I3CP graph. If G&[u] is a
block, we have nothing to prove. So we assume that G&[u] is separable.
Let v1 , v2 , ..., vr be the cut-vertices of G&[u]. Then for each i, [u, vi] is a
cutset of G. By Proposition 3, each vi is on the boundary cycle C of G. We
may assume that v1 , v2 , ..., vr lie on C in this order. Now, by Proposition 3
again, (G&[u])&[vi] has exactly two components, and hence vi is
contained in exactly two blocks of G&[u].
We must show that every block of G&[u] contains at most two of
v1 , v2 , ..., vr . Suppose that vi , vj , and vk (i< j<k) are contained in the
same block B of G&[u]. Then, B&[vj] is connected, while vi and vk must
be contained in the different components of (G&[u])&[vj] by Proposi-
tion 3. This is a contradiction. K
3. KEY LEMMAS
In order to prove Theorem 1, we shall prove the next four lemmas
together. In these lemmas, W(G ) stands for the set of all vertices of G
whose degrees are exactly two.
Definition 1. For two vertices v1 and v2 of G, we shall say that a
connected factor FG(v1 , v2) of G satisfies the property 1 when degF (v1)=1
and degF (v2)=2, 1degF (w)2 for all w # W(G )&[v1 , v2], and
2degF (u)3 for all u # V(G )&W(G )&[v1 , v2].
Definition 2. For three vertices v1 , v2 , and v3 of G, we shall say that
a connected factor FG(v1 , v2 , v3) of G satisfies the property 2 when
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1degF (v1)2 and degF (v2)=degF (v3)=2, 1degF (w)2 for all
w # W(G )&[v1 , v2 , v3], and 2degF (u)3 for all u # V(G )&W(G )&
[v1 , v2 , v3].
We will show the following four lemmas by the induction on the number
of vertices of G.
Lemma 5. Let G be a 2-connected I3CP graph. Suppose that for all
v # Inn(G ), degG(v)4. Then for any v1 # Out(G ) and v2 # V(G )&[v1],
there exists a connected factor F(v1 , v2) which satisfies the property 1.
Lemma 6. Let G be a 2-connected I3CP graph. Suppose that for all
v # Inn(G ), degG(v)4. Then for any v1 # Out(G ), v2 # V(G )&[v1] and
v3 # V(G )&[v1 , v2], there exists a connected factor F(v1 , v2 , v3) which
satisfies the property 2.
When a connected I3CP graph G is linear and separable, we name these
blocks B1 , B2 , B3 , ..., Bn such that
V(Bk&1) & V(Bk)=[bk] (for 2kn).
Lemma 7. Let G be a separable linear I3CP graph both of whose
endblocks are other than K2 . Also in each block Bi , for all v # Inn(Bi),
degBi (v)4. Then for any v1 # Out(B1)&[b2] and for any v2 # V(Bn)&[bn]
there exists a connected factor F(v1 , v2) which satisfies the property 1.
Lemma 8. Let G be a separable linear I3CP graph both of whose endblocks
are other than K2 . Also on each block Bi , for all v # Inn(Bi), degBi (v)4. Then
for any v1 # Out(B1)&[b2], v2 # V(Bn)&[bn], and v3 # V(G )&[v1 , v2],
there exists a connected factor F(v1 , v2 , v3) which satisfies the property 2.
4. PROOFS OF THE LEMMAS
We shall prove each of the lemma by the induction on the number of
vertices of G.
4.1. Proof of Lemma 5
Let C be the boundary cycle of G and G$ be the graph G&[v1].
Case 1. G$ is a path.
We name the obtained path P=(b1 , b2 , ..., bn+1). Notice that b1 # W(G ).
Hence, the path P _ (bn+1 , v1) is a desired factor of G unless v2=b1 . If
v2=b1 , then we consider the path P _ (b1 , v1), instead.
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Case 2. G$ is 2-connected.
Clearly G$ is a 2-connected I3CP graph, and for v # Inn(G$), degG$(v)4.
Let NG(v1) & C=[b1 , b2]. When v2  [b1 , b2], we set v$1 :=b1 , v$2 :=b2 ,
and v$3 :=v2 . However if v2 # [b1 , b2], say b2 , we set v$1 :=b1 , v$2 :=b2 , and
v$3 :=v for any vertex v of V(G$)&[b1 , b2]. By the induction hypothesis of
Lemma 6, there exists a connected factor F $=FG$(v$1 , v$2 , v$3) which satis-
fies the property 2. That is, 1degF $(v$1)2, degF $(v$2)=degF $(v$3)=2,
1degF $(w)2 for all w # W(G$)&[v$1 , v$2 , v$3], and 2degF $(u)3 for
all u # V(G$)&W(G$)&[v$1 , v$2 , v$3]. Since Out(G$)&Out(G)Inn(G ),
degG$(v)  degG(v) & 1  3 for all v # Out(G$) & Out(G ). Therefore
W(G$)&[b1 , b2]/W(G). We make FG(v1 , v2) by adding the edge (b1 , v1)
to the factor FG$(v$1 , v$2 , v$3). In F=FG(v1 , v2), degF (v1)=1, degF (v2)=2. In
addition, 1degF (w)2 for all w # W(G )&[v1 , v2], and 2degF (u)3
for all u # V(G )&W(G )&[v1 , v2]. Hence FG(v1 , v2) is a desired factor.
Case 3. G$ is separable but not a path.
By Proposition 4, G$ is a linear I3CP graph. We call this graph B1 , b2 ,
B2 , b3 , ..., bn , Bn in clockwise direction around C. Let b1 be the neighbor
of v1 in C & (B1&[b2]) and bn+1 be the neighbor of v1 in C & (Bn&[bn]).
Let f be the smallest index i such that Bi is other than K2 , and let l be the
largest index i such that Bi is other than K2 . Note that f =l means that Bf
is the unique nontrivial block. If K2 appears consecutively in G$ such as
Bi=K2 (sit). We write P(Bs , Bt) for the path  ti=s Bi . When s>t, we
regard P(Bs , Bt)=<. Let B$= li= f Bi .
Subcase 3.1. v2 # B$&[bf , bl+1].
In B$, by the induction hypothesis of Lemma 8 (or Lemma 6 if f =l ),
there exists a connected factor F $=FB$(bf , bl+1 , v2) which satisfies the
property 2. In this factor, 1degF $(bf)2, degF $(bl+1)=degF $(v2)=2,
1degF $(v)2 for v # W(B$), and 2deg (v)3 for other vertices v. Let
F=FG(v1 , v2) be the graph obtained from F $ by adding P(B1 , Bf&1),
P(Bl+1 , Bn) and (b1 , v1). Obviously, F is a connected spanning sub-
graph of G, with degF (v1)=1, degF (v2)=2 and 1degF (v)3 for any
other vertex v. Suppose degF (v)=1 (v{v1), then v=bn+1 (if l<n) or
v # W(B$)&[bf , bl+1]. Suppose further that v  W(G ). Then v # Out(G ),
and v is adjacent to v1 . This implies that v is a cutvertex of B$. Since F $ is
a connected factor of B$, degF $(v)2 must hold. This is a contradiction.
Thus v # W(G ), and F=FG(v1 , v2) satisfies the property 1.
Subcase 3.2. v2=bh (1hf or l+1h).
We may assume that 1hf. By the induction hypothesis of Lemma 7 (or
Lemma 5 if f =l ), there exists a connected factor FB$(bf , bl+1) which satisfies
the property 1. Then we obtain a desired factor FG(v1 , v2) by adding
P(B1 , Bf&1), P(Bl+1, Bn) and (b1 , v1) to FB$(bf , bl+1). This proves Lemma 5. K
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4.2. Proof of Lemma 6
Let C be the boundary cycle of G and G$ be the graph G&[v1].
Case 1. G$ is a path.
We name the obtained path P=(b1 , b2 , ..., bn+1). Then (v1 , b1) _ P _
(bn+1, v1) becomes a desired factor F.
Case 2. G$ is a 2-connected.
Let NG(v1) & C=[b1 , b2].
Subcase 2.1. When [v2 , v3]=[b1 , b2], without loss of generality, we
may assume that v2=b1 and v3=b2 . By the induction hypothesis of
Lemma 5, there exists a connected factor FG$(v2 , v3) which satisfies the
property 1. Then
FG(v1 , v2 , v3) :=FG$(v2 , v3) _ (v2 , v1)
is a desired factor.
Subcase 2.2. Otherwise, we may assume that b1  [v2 , v3]. By induc-
tion there is a connected factor F $=FG$(b1 , v2 , v3) and we take
FG(v1 , v2 , v3) :={(v1 , b1) _ FG$(b1 , v2 , v3)(v1 , b1) _ FG$(b1 , v2 , v3) _ (b2 , v1)
if degF $(b2)2,
if degF $(b2)=1.
This is a desired factor.
Case 3. G$ is separable but not a path.
Since G$ is a linear I3CP graph, we call it B1 , b2 , B2 , b3 , } } } , bn , Bn in
clockwise direction around C. Let b1 , bn+1 , f, l, B$ and P(Bs , Bt) be the
same meaning as in the proof of Lemma 5.
Subcase 3.1. v2 or v3 is on P(B1 , Bf&1)&[bf] or P(Bl+1 , Bn)&[bl+1].
We may assume that v2 is on P(B1 , Bf&1)&[bf]. If v3 # V(B$)&
[bf , bl+1], then by applying the induction hypothesis of Lemma 8 (or
Lemma 6 if f =l ) to B$, there exists a connected factor FB$=FB$(bf , bl+1 ,
v3) which satisfies the property 2. Otherwise, by applying Lemma 7 (or
Lemma 5 if f =l ) to B$, there exists a connected factor FB$=FB$(bf , bl+1)
which satisfies the property 1. In either case,
F :=(v1 , b1) _ P(B1 , Bf&1) _ FB$ _ P(Bl+1 , Bn) _ (bn+1 , v1)
is a desired factor of G, unless v3=bl+1 . If v3=bl+1 , then we substitute
FB$(bl+1 , vf) for FB$ .
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Subcase 3.2. Otherwise, we may assume v2 # Bh , v3 # Bj&[bj]
( fh jl ) without loss of generality. If Bj $K2 and Bj+1 $K2 , by
induction, there is a connected factor
F $={F $(bf , bl+1 , v2)F $(v2 , bl+1)
if v2  bf ,
if v2=bf ,
in B$ which satisfies the property 2 and the property 1 respectively. Then
F :=(v1 , b1) _ P(B1 , Bf&1) _ F $ _ P(Bl+1 , Bn) _ (bn+1 , v1)
is a desired factor of G. If Bj $K2 and Bj+1 $3 K2 , let k be the largest index
in fk< j such that Bk is other than K2 . By the induction hypothesis of
Lemma 8 (Lemma 6 if f =k), there is a connected factor F $=F $(bf , bk+1 ,
v2) in ki= f Bi which satisfies the property 2, unless v2 {bf . If v2=bf , by
the induction hypothesis of Lemma 7 (Lemma 5 if f =k), there is a con-
nected factor F $=F $(v2 , bk+1) which satisfies the property 1, instead.
Moreover, by induction there is a connected factor F"=F"(bj+1 , bl+1)
which satisfies the property 1. Then
F :=(v1 , b1) _ P(B1 , Bf&1) _ F $ _ P(Bk+1 , Bj)
_ F" _ P(Bj+1 , Bn) _ (bn+1 , v1)
is a desired factor of G.
Therefore, we may assume Bj $3 K2 . If v2=bf , by the induction
hypothesis of Lemma 7 (Lemma 5 if f =j ) in  ji= f Bi , there is a connected
factor F $=F $(v2 , v3) satisfying the property 1. On the other hand, if
v2 {bf , by the induction hypothesis of Lemma 8 (Lemma 6 if f =j ) in
 ji= f Bi , there is a connected factor F $=F $(bf , v3 , v2) satisfying the
property 2. Now, we want to show that there is a subgraph F" in nj+1 Bi
such that
(v1 , b1) _ P(B1 , Bf&1) _ F $ _ F"
is a desired factor. If j=n, we take F"=<.
Let H* be the subgraph of G induced by ni= j+1 Bi _ [v1]. And we set
H=H* _ (v1 , bj+1) if (v1 , bj+1)  E(G ); otherwise we set H=H*.
Because [v1 , bj+1] is a cutset of G, H is a 2-connected I3CP graph
with bj+1 belonging to Out(H ). Hence, from Proposition 4, H$ :=H&
[bj+1]=H*&[bj+1] is a linear I3CP graph. Let [s, v1] be the neigh-
borhood of bj+1 in the boundary cycle of H. Let D1 , D2 , ..., Dm be the
blocks of H$ such as the vertex s # D1 and v1 # Dm . Then degH$(s)1,
degH$(v1)1, degH$(v)2 for all v of Out(H )&[s, v1], and degH$(u)3
for all u # Out(H$)&Out(H$) because of degG(u)4. Suppose that
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D1 $3 K2 and Dm $3 K2 . By the induction hypothesis of Lemma 7 (or
Lemma 5 if m=1), H$ has a connected factor F" :=F"(v1 , s) which
satisfies the property 1. Similarly, even when D1 $K2 or Dm $K2 , we can
show that there exists a connected factor F" of H$ such that degF"(v1)=1,
degF"(s)=2 or 1 (if degH$(s)=1, s # W(G )), 1degF"(w)2 for all
w # W(H$), and 2degF"(v)3 for any other vertex v in H$. Then,
{(v1 , b1) _ P(B1 , Bf&1) _ F $ _ F"(v1 , b1) _ P(B1 , Bf&1) _ F $ _ (bj+1 , s) _ F"
if degF $(bj+1)2,
if degF $(bj+1)=1
is a desired factor FG(v1 , v2 , v3). This proves Lemma 6. K
4.3. Proof of Lemma 7
Let f be the smallest integer i2 such that Bi is other than K2 and let
P(Bs , Bt) be the same meaning as in the proof of Lemma 5.
By the induction hypothesis of Lemma 7 (or Lemma 5 if f =n), in
ni= f Bi there is a connected factor F(bf , v2) which satisfies the property 1.
Also applying the induction hypothesis of Lemma 5 to B1 , we have a con-
nected factor FB1(v1 , b2) which satisfies the property 1. Then
FG(v1 , v2) :=F(bf , v2) _ FB1(v1 , b2) _ P(B2 , Bf&1)
is a factor which we want to obtain. This proves Lemma 7.
4.4. Proof of Lemma 8
We may assume v3 # Bi&[bi]. Let f be the same index as in the proof
of Lemma 7.
Case 1. fin and bf {v3 .
By the inductive assumption of Lemma 8 (or Lemma 6 if f =n), there is
a connected factor F $(bf , v2 , v3) in ni= f Bi which satisfies the property 2.
Also we apply the induction hypothesis of Lemma 5 to B1 , and then we
have a connected factor FB1(b2 , v1) which satisfies the property 1. Hence,
FG(v1 , v2 , v3) :=FB1(b2 , v1) _ P(B2 , Bf&1) _ F $(bf , v2 , v3)
becomes a desired factor of G.
Case 2. v3 # P(B2 , Bf&1).
By the inductive assumption of Lemma 7 (or Lemma 5 if f =n), in
ni= f Bi there is a connected factor F $(bf , v2) which satisfies the property 1.
Also we obtain a connected factor FB1(b2 , v1) by using a similar argument
as Case 1. Hence
FG(v1 , v2 , v3) :=FB1(b2 , v1) _ P(B2 , Bf&1) _ F $(bf , v2)
is a desired factor.
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Case 3. v3 # B1&[b2].
By the inductive assumption of Lemma 6, in B1 there is a connected fac-
tor F $B1(b2 , v1 , v3) which satisfies the property 2. On the other hand, by the
same argument as Case 2, in ni= f Bi there is a connected factor F"(bf , v2)
which satisfies the property 1. Then the union F $B1(b2 , v1 , v3), F"(bf , v2)
and P(B2 , Bf&1) becomes a desired factor of G. This proves Lemma 8. K
5. PROOF OF THEOREM 1
We embed G in the plane so that v # Out(G ). Then H :=G&[v] is a
2-connected I3CP graph with u, s # Out(H ). By applying Lemma 5 to H,
there is a connected factor FH(u, s) which satisfies the property 1. Notice
that since $(G )3, W(H )=<. Then
F=FH(u, s) _ (v, u) _ (v, s)
is a desired connected [2, 3]-factor. This completes the proof of Theorem 1.
6. SHARPNESS
Here we will give an example of a 3-connected planar graph with
$(G )=4, but there is no 2-connected [2, 5]-factor. Let G be a maximal
planar graph of n vertices with n being large enough. In each face of G, we
embed the following graph H (Fig. 1).
We call the obtained graph G$. The minimum degree of G$ is four. For
any 2-connected spanning subgraph, we must use at least three edges
joining each V(H ) and V(G ). By Euler’s formula, the number of faces of G
Figure 1
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is 2n&4. Then, in any 2-connected factor F of G$, we have x # V(G ) degF
(x)3(2n&4). Therefore the average degree of the vertices of G in the
factor is at least 3(2n&4)n. Hence, there does not exist a 2-connected
[2, 5]-factor. Barnette [2] and Gao [4] constructed planar triangulations
with minimum degree three which contain no 2-connected [2, 5]-factors.
In fact, these graphs have no [2, 5]-factors. Therefore, the assumption
$4 is essential.
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